Any planar graph has a crossing-free straight-line drawing in the plane. A simultaneous geometric embedding of two n-vertex graphs is a straight-line drawing of both graphs on a common set of n points, such that the edges withing each individual graph do not cross. We consider simultaneous embeddings of two labeled trees, with predescribed vertex correspondences, and present an instance of such a pair that cannot be embedded. Further we provide an example of a planar graph that cannot be embedded together with a path when vertex correspondences are given.
Introduction
It is a well-known fact that any planar graph can be embedded in the plane in such a way that every edge is drawn as a straight line [2] . Moreover, any such geometric embedding can be realized on a grid of quadratic size [3] .
Quite recently, the problem of simultaneous geometric embeddings of several planar graphs was introduced in the context of graph drawing [1] . In this setting, the basic task is to draw two planar n-vertex graphs G 1 and G 2 with straight-line connections in the plane in such a way that each individual G i is crossing-free, while the vertex sets V (G 1 ) and V (G 2 ) map to the same set of n points in R 2 .
This problem actually comes in two flavors: labeled and unlabeled. In the former variant, a predefined one-one correspondence between the vertices of G 1 and those of G 2 has to be respected by the embedding, i.e., every pair of vertices with the same label must map to a common point in R 2 . In the latter version we are free to choose a suitable correspondence.
In [1] , Braß et. al. prove several initial results about simultaneous embeddings. They show that two paths can be simultaneously embedded with labeling and that in general this is not possible for three paths. Further they prove that any two outerplanar graphs can be embedded simultaneously without labels, while for the labeled variant of this problem they provide infeasible instances. The also make the first approach towards deciding whether any pair of labeled trees allows for simultaneous embeddings (the unlabeled case being trivial): Any pair of caterpillars, trees which after removal of all leaves become a path, can be simultaneously embedded with labels. The case of general trees is posed as an open problem.
In the present work, we give an answer to that problem by constructing a pair of labeled trees that cannot be simultaneously embedded. Moreover, our trees are actually subdivided stars of diameter four, which implies also an answer to a stronger question asked in [1] : There is a pair of lobster graphs, trees which after removal of all leaves become caterpillars, that does not allow for a simultaneous embedding.
Eventually, we solve a further, simpler problem from [1] , which asks whether any planar graph can always be embedded together with a path under a given labeling. The answer is "no."
Two Trees
Our example of two trees that cannot be embedded simultaneously relies on a highly regular construction that consumes a lot of vertices. The size of the instance is not our main concern. Our goal is to keeps the argument simple and in particular, to avoid case-distinctions. Theorem 1. There exist two labeled trees on 6725 vertices that cannot be simultaneously embedded in the plane.
Let us call the two trees for the proof of Theorem 1 the dashed and the dotted tree, corresponding to the line styles in which we shall draw them in figures. Our construction begins with a star on n + 1 vertices z, a 1 , . . . , a n . Both trees are identical on those vertices: each contains the n edges za i (1 ≤ i ≤ n) from the center z to the n level-1 vertices a i . Then we add another n(n − 1) level-2 vertices: for each ordered pair a, b of distinct level-1 vertices, let a new vertex v ab be connected to a in the dashed and to b in the dotted tree. So there are two "hats" on each pair a, b, one dashed-dotted and one the other way around. Figure 1 shows the construction for n = 4, embedded without collisions. We shall show that for large n, simultaneous embeddings become infeasible.
We begin with a normalization step. Note that in the drawing of Figure 1 , the origin z lies on the outer face. This means that topologically, all connections between level-1 and level-2 vertices lie "on the same side of z." This is a very desirable feature. The following lemma formalizes this observation and guarantees that property for a subset of vertices. z Figure 1 : A crossing-free drawing of the two trees for n = 4. Lemma 1. For any valid embedding of the two double-trees (for any value of n) there exists a linear order on at least n/2 − 1 of the a i s such that the quadrangle (a, v ab , b, z) is clockwise oriented for a < b and counterclockwise oriented for b < a.
Proof. First note that those quadrangles cannot contain self-crossings, so the orientations are well-defined. Pick a pair x, y of level-1 vertices that are farthest apart. The wedge (x, z, y) of these two vertices and the center partition the remaining n − 2 level-1 vertices into two sets. Take the larger of those sets and sort its vertices in clockwise order. Figure 2 shows the situation with ordering a 1 < a 2 < a 3 < · · · Since all a i s from this set lie within the circular boundaries in the figure, a level-2 connection a-v ab -b cannot lead around the two extremal points x and y, so that the orientation of the considered quadrangles must be as claimed.
From now on we shall work only with those level-1 vertices provided by Lemma 1 and we relabel them consecutively from a 1 through a k , k ≥ n/2−1, to reflect the respective ordering as already indicated in Figure 2 . Precisely, i < j iff a i comes before a j in the clockwise order between x and y. Definition 1. We call a pair of edges av ab and v ab b a hat. With respect to the ordering of level-1 vertices, there are two types of hats: for a < b, we call the hat a-v ab -b a dash-dot hat and a-v ba -b a dot-dash hat. Figure 3 below shows a dot-dash hat whose apex v ba lies below a dashdot hat. The connections to the origin z are omitted from the picture for clarity, as will be the case in some of the subsequent figures as well. They all are implicitly assumed to lead downward and since they must not cross any hat edges, no hats are allowed to pass beneath a level-1 vertex.
Let us collect a few basic observations about the relative positions of pairs of hats. The following notion is motivated by Figure 3 . The next three lemmata list the different ways in which pairs of hats can intersect. Only hats with disjoint bases and interleaved hats are of interest for us. The case of one hat that completely encloses another, which was omitted in Definition 3, will not be relevant.
Lemma 2. For two interleaved hats of different types (one dash-dot, one dot-dash) either the former points below the latter or vice versa, but not both.
Proof. Because of the relative positions of the level-1 points, the two hats must intersect somehow, and by simple geometry, they must do so exactly once. (See Figure 3 again.) Depending on which pair of edges crosses, we get either of the claimed cases. Proof. Assume that the dotted edge of the left hat intersected the dashed edge of the right one. Then it is immediate from the figure that the dashed edge of the left hat would also have to intersect the dashed edge of the right hat, which is forbidden. For the left dashed edge intersecting the dotted right edge we conclude analogously.
If the dash-dot pattern in the previous lemma was different, the hats might well intersect. Such a situation, depicted in the right of Figure 4 , is quite important for us and thus deserves a name.
Definition 4. If for two hats of the same type and with disjoint bases, each points below the other, then we call them a lock or say that they are locked.
Lemma 4. Two hats of the same type and with disjoint bases are either locked or do not intersect at all.
Proof. If the two hats intersect, they must obviously do so exactly twice. Then the dashed edge of the one hat intersects the dotted of the other and vice versa. This directly implies our claim.
After these basic observations we now construct the first obstruction for valid embeddings: a pair of disjoint locks.
Lemma 5. A valid embedding cannot contain two locks, one lying completely to the right (or left) of the other. Proof. Consider the left lock on vertices a, b, c, d in Figure 5 . We claim that neither a dashed straight-line from b nor a dotted line from c can reach the shaded outside region. In order to break through the lock, such lines would have to pass through the central quadrangle, as indicated by the two arrows in the figure. However, neither of those paths can get beyond that central region because that would require a bend.
We repeat this argument for the the second lock next to the first one, on vertices a ′ < b ′ < c ′ < d ′ . Depending on the exact order of dashed and dotted lines (we do not make any assumptions on the types of the locks), at least one of the hats on b, c, b ′ , and c ′ cannot be drawn with straight lines because its two legs would get stuck in the two locks and cannot touch.
The following lemma provides our tool for growing regular structures, which can be used as cages for level-2 vertices, similar to the locks in the proof of Lemma 5 above. Proof. The no-locking condition for the a-and c-hat implies by Lemma 4 that these hats do not even touch. But then the b-hat cannot point below the c-hat. Thus, by Lemma 2, the c-hat points below the b-hat, as claimed.
The nice thing about Lemma 6 is that the considered hats on the bs and the cs are in the same relation as the those on the as and bs. (Only with dash and dot exchanged, but by symmetry, the lemma also applies to this variant, of course.) Hence, we can apply Lemma 6 iteratively, creating the cascade in Figure 7 -provided there are no locks in the area.
Lemma 7. The cascade of six hats in Figure 7 (or its mirror image) cannot exist in any valid embedding.
Proof. The contradiction is obtained directly from the dot-dash hat on the pair x, y. By inspection of slopes, we immediately see that a dotted line segment emanating from x cannot reach the shaded outside region. Likewise, a dashed line from y cannot escape the white region around that vertex. Since there are no locks, the two white regions are completely disjoint; so the required hat on x and y cannot be drawn. It only remains now to combine the obstructions we have collected into a general contradiction for any embedding of our two trees for sufficiently large n.
Proof of Theorem 1. Assume we have a valid embedding of the two trees for n = 82 (which results in a total of 6725 vertices). First use Lemma 1 to get 40 level-1 vertices a 1 , . . . , a 40 with all level-2 connections oriented consistently so that dash-dot and dot-dash hats are well-defined.
By Lemma 5, there cannot be a lock on the left half of level-1 vertices and at the same time a second one on the right half. So assume there is no lock on a 1 through a 20 (the other case being completely symmetric).
Consider four of the six central vertices of the left half: a 8 , a 10 , a 11 , and a 13 . By Lemma 2, either the dash-dot hat on a 8 , a 11 points below the dot-dash hat on a 10 , a 13 or the other way around. In either case we have a starting point for Lemma 6, which produces the cascade of Figure 7 . Rightward or leftward-in both directions we have reserved just enough space to unroll the whole cascade on a 1 , . . . , a 20 . (The vertices a 9 and a 12 had to be left free because the cascade also needs a vertex amongst the first two hats.) We arrive at a contradiction to Lemma 7.
A Planar Graph and a Path
The simplest kind of trees are path. It might seem that a single path has so large degrees of freedom that it could be possible to embed it simultaneously with any labeled planar graph. However, this is not true. General planar graphs can be just too rigid. The following result is not very difficult to obtain.
Theorem 2. For any n ≥ 14, there exists a labeled planar graph on n vertices that cannot be embedded simultaneously with the n-vertex path.
Consider the graph G in the left of Figure 8 . We claim that it cannot be embedded simultaneously with the path P = abcdef a ′ b ′ c ′ d ′ e ′ f ′ zz ′ . We refrained from drawing P into the figure, too, in order not to clutter it too much. The structure of the path is very simple, though. It winds twice around each of the two triangular structures in the figure, closely following the edges of G, and eventually makes a leap between z and z ′ . Figure 8 : A graph that collides with a path.
A planar graph can be drawn in the plane in several topologically different ways. We are free to choose an outer face (the one that contains infinity) and unless the graph is three-connected, there are further degrees of freedom. Into G we have built two isomorphic copies of the same structure, the double-triangles, just to guarantee that in any drawing of G, at least one of them will appear exactly as in the figure. Proof. Assume that the left component is not drawn as in the figure, not even as its own mirror image. This means that it is actually inside-out, i.e., the triangle △(d, e, f ) lies outside of △(a, b, c). Then all remaining vertices of G must lie inside of △(a, b, c) and consequently, the other block, G[a ′ , b ′ , c ′ , d ′ , e ′ , f ′ , z ′ ], must be drawn the way it appears in the figure (or flipped).
After this normalization, a forbidden crossing can be sought in the local arrangement of Figure 9 .
Proof of Theorem 2. Using Lemma 8, we may assume by symmetry that G is actually embedded in such a way that the left block G[a, b, c, d, e, f, z] is drawn topologically as in the figure. This also implies that the vertex z ′ lies outside the outer triangle △(a, b, c). In Figure 8 we have redrawn this part of G, emphasizing certain pieces of the path P now: the dashed lines are from P , the dotted lines from G, and a few connections are left away for clarity. Note that the connection z ′ -z must enter the outer triangle through the side ac and the inner one through the side df , as shown.
We now arrive at a contradiction because of the connection cd, which is present in G and in P . It cannot be drawn into this picture anymore, not even as a topological curve, because the points c and d do not lie in a common face of this mixed graph.
The trick here is that we avoid worrying about the exact realizations of the two triangles, in particular the relative geometric position of the inner triangle within the outer, because we argue on purely topological grounds. Geometry is only used to ensure that the connections between any two points are drawn on exactly the same curves in the two graphs.
